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Abstract
We study the consequences of chain self-avoidance for the interaction between nonadsorbing
polymers and colloidal particles of anisotropic shape, such as ellipsoids, lenses, and dumbbells.
In the framework of a field theoretic operator-expansion for small mesoscopic particles, we obtain
exact results for self-avoiding polymers in d = 2 spatial dimensions, and we compare ideal and
self-avoiding polymers in 2 < d < 4. Changing the orientation of a particle, with a given size and
shape, near a boundary wall requires less free energy if the chains are self-avoiding. The distance-
dependence of the anisotropic interaction, mediated by the polymers between particle and wall, is
changed both qualitatively and quantitatively by self-avoidance.
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I. INTRODUCTION
The depletion interaction between colloidal particles in a solution of polymers is one of the
basic interactions in soft matter composite materials1. Free nonadsorbing polymer chains
avoid the space between two particles, leading to an unbalanced pressure, which pushes the
particles towards each other. The depletion forces between a pair of immersed particles and
between a single particle and a wall have been measured in recent experiments2.
While the induced interaction between mesoscopic particles in a dilute or semidilute
solution of long flexible polymers is independent of most microscopic details, it does depend
on the quality of the solvent (good or theta solvent) and the size and shape of the particles.
Here we consider particles of anisotropic shape, for which the interaction depends on both
the distances between particles and their mutual orientations. Thus, the entropic polymer-
induced interaction provides both a force and a torque. For simplicity we concentrate on
particle shapes with an axis of rotational symmetry and a center of reflection, such as
ellipsoids, lenses, or dumbbells3, in a dilute polymer solution.
For mesoscopic particles much smaller than the polymer lengths, such as4 the root mean
square end-to-end distance Re, the perturbation of the polymer system due to a particle can
be expanded in powers of the particle size. The two leading orientation-dependent terms
vary as (size)x and (size)x
′
with exponents5
x = d , x′ = d− (1/ν) + 2 , (1.1)
where d is the spatial dimension and ν the Flory exponent relating the end-to-end distance
Re ∝M ν of a long polymer chain to the number of monomersM . Besides the size exponents
the perturbation of the polymer system is characterized by universal amplitudes that depend
on the shape of the particle.
The orientation-dependent interactions induced by ideal, random-walk-like polymers6
have been discussed in Refs. 5 and 7. In this case ν = 1/2, the two exponents in (1.1)
are equal, and the two contributions of order (size)x and (size)x
′
are of equal importance.
Together they lead to an induced interaction between a particle and a planar wall favoring
parallel orientation for small particle-wall distances z ¿ Re but perpendicular orientation
for large distances z À Re. For self-avoiding polymers in a good solvent, one expects qualita-
tive modifications of the ideal chain results, since ν > 1/2 and x < x′. Thus, the degeneracy
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of the exponents is removed, and the orientation-dependent properties are dominated by the
contribution ∝ (size)x, while the contribution ∝ (size)x′ can in general be neglected.
The above expansion can be understood as an ‘operator-expansion’8,9 of the Boltzmann
weight of the embedded particle in a field theory that corresponds to the polymer system
via de Gennes’ polymer-magnet correspondence6, compare Refs. 5,7, and Sec. II below.
In the field theory the perturbation due to the small anisotropic mesoscopic particle can
be represented by a series of isotropic and anisotropic point operators. This ‘small-particle
expansion’ is analogous to the multipole expansion for a localized charge distribution or to
the well known short-distance expansion of an operator product in field theory. The leading
anisotropic operator is the diagonal stress-tensor component T‖ ‖ along the symmetry axis
of the particle which has the scaling dimension x = d.
The small-particle expansion and polymer-magnet correspondence is introduced in Sec.
II. In Sec. III we consider the operator expansion in the N -vector field theory and calcu-
late the shape-dependent amplitudes of the leading isotropic and anisotropic operators for
dumbbells, lenses, and ellipses in d = 2, and for a dumbbell of two touching spheres in
d = 4− ε. We also consider weakly anisotropic particles of a more general shape. In Sec. IV
we use properties of the stress tensor to evaluate the polymer-induced orientation-dependent
interaction in a good solvent between an anisotropic particle and a planar wall. The results
are summarized in Sec. V. Somewhat more technical material is presented in the three
Appendices.
II. PARTICLE-POLYMER INTERACTION AND
SMALL-PARTICLE EXPANSION IN THE N-VECTOR MODEL
A nonadsorbing polymer interacting with a colloidal particle corresponds6,7,10 to an N -
vector field theory outside a particle with an ‘ordinary’ surface11,12, which favors disorder
and preserves the O(N) symmetry of the N -vector order parameter. In the field theory the
Boltzmann factor exp(−δH) of a particle at rP can be expanded as8,9
e−δH ∝ 1 − sI − sA (2.1)
in terms of isotropic
sI = I ψ(rP) + I ′∆ψ(rP) + ... (2.2)
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and anisotropic operators
sA =
∑
kl
[ρkρl − (δkl/d)] [N Tkl(rP) + N ′∂k∂lψ(rP)] + ... (2.3)
from the operator algebra that are compatible with the particle symmetries. Here Tkl is the
stress tensor of the field theory, ~ρ is the unit vector along the symmetry axis of the particle,
and
∑
kl ρkρlTkl and
∑
kl ρkρl∂k∂l will be denoted by T‖ ‖ and ∂
2
‖ , respectively. There is no
first derivative, due to reflection symmetry. The leading isotropic operator ψ is proportional
to the energy density ², and a convenient normalization is13
ψ = −A²²/B1/2² , (2.4)
where B² and A² are the amplitudes in the bulk two-point function 〈²(r)²(0)〉bulk = B²r−2x²
and the half space (‘hs’) profile 〈²(rp, z)〉hs/B1/2² = A²z−x² at the critical point. In the
half space, rp and z denote the components of r parallel and perpendicular to the planar
boundary. B² and A² are positive for N > 0. The scaling dimension of ² and ψ is x² =
d−(1/ν), while the stress tensor has scaling dimension d. Both ψ and Tkl are O(N)-invariant
operators. We note that the bulk two-point function 〈² Tkl〉 vanishes at the critical point.
The size powers in the shape-dependent prefactors I, I ′, N , N ′ in (2.2) and (2.3) are given
by the scaling dimensions x², x²+2, d, x²+2, respectively, of the corresponding operators
14.
The form of the prefactors is different for ideal and self-avoiding chains. Since I is
proportional to (size)x² , the expansion only makes sense for x² > 0. For ideal chains with
x² = d−2 this means d > 2. For self-avoiding chains, on the other hand, there is a meaningful
expansion in d = 2, since ν = 3/4 and x² = 2/3 .
Single-chain properties follow from correlation functions in the high temperature (‘para-
magnetic’) phase of the N -vector field theory by means of an inverse Laplace transform
L ... =
∫
(dt/(2pii)) eLpolt ... , (2.5)
where Lpol is proportional to the length (number M of monomers) of the polymer chain,
and the Laplace conjugate t relates the density of the thermal perturbation,
T (r) = −t²(r) , (2.6)
in the N -vector Hamiltonian to the energy-density operator ² and is proportional to the
deviation from the critical temperature6.
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Consider, for example, the free energy cost F of immersing particles of arbitrary size in a
dilute solution of self-avoiding polymers in an unbounded space or in the half space bounded
by a wall7. This is given by
F = −p0
∫
dr1dr2 L [〈ϕ12〉H+δH − 〈ϕ12〉H]∫
dr1 L 〈ϕ12〉bulk . (2.7)
Here p0 = nkBT is the ideal gas pressure in the dilute solution with chain density n, and
ϕ12 denotes the scalar product ~Φ(r1) ~Φ(r2) of two N -vector order parameter fields ~Φ. The
subscripts H+ δH and H denote N -vector Hamiltonians in the presence and absence of the
particles, respectively, and the subscript ‘bulk’ denotes averaging in the unbounded space,
without the particles and the wall. Finally it is understood that the limit N → 0 is taken6
on the right hand side of (2.7). A universal expression for F , independent of the chain
microstructure, is obtained in the scaling limit by expressing Lpol in terms of
4 the mean
square end-to-end distance R2e = dR2x, given by
∫
dr12(r12)
2L〈ϕ12〉bulk/ ∫ dr12L〈ϕ12〉bulk ∝
L2νpol, where r12 = r1 − r2.
In Sec. III we consider the expansion (2.1)-(2.3) in detail and calculate the universal
amplitudes I, I ′,N ,N ′ for various particle shapes, spatial dimensions d, and numbers N of
components. In the limit N → 0, corresponding to self-avoiding polymers, the amplitudes
remain finite15, and
2x² ψ(rP ) → AΨ(rP ) , (2.8)
in terms of the monomer density operator Ψ(r) satisfying10,16,17∫
dr1dr2 L 〈Ψ(rp, z)ϕ12〉hs∫
dr1 L 〈ϕ12〉bulk = R
1/ν
x Mhs(z/Rx) , (2.9)
whereMhs is the bulk-normalized monomer density profile of a dilute polymer solution in
the half space and z the distance from its boundary wall. Compare also the ‘normalization
property’ given in Eq. (C2) below. In Eq. (2.8) A is the universal amplitude in the free
energy cost
F
(sphere)
bulk = p0AR
x²R1/νx (2.10)
of immersing a small spherical particle of radius R in the bulk solution. In this case I/2x² =
Rx² , see Ref. 8. Results for A in various spatial dimensions d are given in Table I of Ref.
17 where A is denoted by AD,D. A relation between the universal amplitudes A and A² is
given in Eq. (C5) below.
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Ideal chains are related7 to a one-component Gaussian model. Within the N -vector model
this corresponds to the special case of vanishing anharmonic interactions in which it reduces
to N independent one-component Gaussian models. Then the right hand side of Eq. (2.7)
becomes independent of N and describes the free energy F = Fideal of ideal chains. Likewise
x², B²/N and A²/
√
N become independent of N . Anharmonicity-contributions to 〈ϕ12〉
carry combinatorial factors in perturbation theory which vanish for N → −2. Thus, even
in the general case of nonvanishing anharmonicities the right hand side of (2.7) reduces to
the ideal chain result if N → −2.
In evaluating the polymer-induced particle-wall interaction (2.7) by means of the expan-
sion (2.1) for a small particle, the contributions from the I, I ′, and N ′ terms in (2.2), (2.3)
follow from Eqs. (2.8) and (2.9). The contribution from the stress tensor term proportional
to N will be given in Sec. IV.
III. SMALL PARTICLE AMPLITUDES
The amplitudes I, I ′, N , N ′ in Eqs. (2.2) and (2.3) depend on the size and shape of
the particle. Since they are independent8,9 of other particles or a distant wall and of t, they
follow most easily from the density profiles 〈ψ〉part, 〈Tkl〉part induced by a single particle in
the N -vector model, right at the critical point. We will check that the same amplitudes
reproduce two-point functions such as 〈ψψ〉part at large distances from the particle.
Our main interest is in particles with the shapes of ellipsoids, lenses, and dumbbells. The
ellipsoids have diameters D‖ and D⊥ parallel and perpendicular to the rotation axis ~ρ and
are prolate, D‖ > D⊥, or oblate, D‖ < D⊥. We consider dumbbells of two intersecting
spheres with sphere-diameter L, angle of intersection α, and diameter D = Lsin(α/2) of the
circle of intersection, as in Fig. 1 of Ref. 5 or the inset of Fig. 2 below. The symmetry
axis containing the unit vector ~ρ is the straight line passing through the centers of the two
spheres. For α = 0 the dumbbell consists of two touching spheres with D = 0, and for α = pi
it reduces to a single sphere with diameter L = D. By further increasing α one obtains
lenses with spherical surfaces, which for α = 2pi reduce to a spherical disk of diameter D,
see the inset of Fig. 1 below.
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A. Ellipses, lenses and dumbbells in two dimensions
In two spatial dimensions, the critical profiles and correlation functions induced by a single
particle of arbitrary shape follow from those induced by the straight boundary of the half
plane by means of an appropriate conformal transformation18. Here we consider the leading
and next to leading anisotropic orders in the small particle expansion, corresponding to
operators of scaling dimensions d = 2 and x²+2 for ellipses, lenses, and dumbbells. Besides
∂2‖ψ, there exists in two dimensions another
19 O(N)-symmetric and spatially anisotropic
operator,
ψ˜ = −(ρ2+Λ + ρ2−Λ¯)ψ , (3.1)
with symmetry axis ~ρ = (ρx, ρy) in the x, y plane and scaling dimension x² + 2. This
contributes a term
N ′′ψ˜(rP) (3.2)
to the right hand side of (2.3). Here
ρ± = ρx ± iρy , (3.3)
and
ΛO =
[
L−2 − 3
2(xO + 1)
L2−1
]
O (3.4)
for a primary operator O such as the energy density ² or ψ. The operators L−1O ≡
∂wO, L¯−1O ≡ ∂w¯O, with w = rx + iry, w¯ = rx − iry, and L−2O, L¯−2O appear in the
operator-product expansion19 of O and T (w) ≡ −pi(Txx − iTxy) or T¯ (w¯) ≡ −pi(Txx + iTxy).
The anisotropic operators T‖ ‖, ∂
2
‖ψ, and ψ˜ are mutually ‘orthogonal’, i.e. the bulk two-
point functions of different operators vanish at the critical point. In particular, ψ˜ is orthog-
onal to ψ and its derivatives. In the case N = 1 of the Ising model, ψ˜ appears neither in
the operator algebra19 nor in small particle expansions9, since it vanishes in any correlation
function.
The results in Appendix A yield for an ellipse
I = Cx² , I ′ = Cx²+2/(16x²) , (3.5)
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N = −C2(pi/2)g , N ′′ = Cx²+2 g/4 , (3.6)
where
C ≡ (D⊥ +D‖)/2 , g ≡ (D⊥ −D‖)/(D⊥ +D‖) , (3.7)
and for the lens and dumbbell
I = (D pi/α)x² , I ′ = (D pi/α)x²+2/(16x²) , (3.8)
N = −D2(pi/6)[1− (pi/α)2] , (3.9)
N ′′ = Dx²+2 (pi/α)x² [1− (pi/α)2]/12 . (3.10)
For both families of particles,
N ′ = − 3
2(x² + 1)
N ′′ , (3.11)
so that N ′/N ′′ is independent of the particle shape. The prefactor N of the stress tensor
in (3.6) and (3.9) is independent of N and equals the limit of N = Nideal for ideal chains5,9
as d ↘ 2. For dumbbells with α = 0 and α = pi/2 see Eq. (3.15) below and Eq. (B11) in
Ref. 5. The exponent x² and the amplitude combination A2²/N are20 analytic functions of N
with the values 0, 2/3, 1, 2 and 1/2, 22/3/33/2, 1/4, 3/25 for N = −2, 0, 1, 2, respectively.
In Appendix A we compare the small-particle expansion considered here with the usual
short-distance expansion of an operator-product19.
The ellipse and lens expressions coincide, as they must, for the circle of radius R with
D⊥ = D‖ = 2R , α = pi, D = 2R, and for the needle of length l perpendicular to the axis ~ρ
with D⊥ = l, D‖ = 0 , α = 2pi, D = l. The needle in d = 2 corresponds to the spherical disk
mentioned above Sec. IIIA.
The corresponding anisotropy amplitudes of the ellipse and lens/dumbbell families have
the same sign if g and 1− (pi/α)2 are positive, i.e. for particles more extended perpendicular
to ~ρ than parallel to it, and the opposite sign if g and 1− (pi/α)2 are negative.
It is instructive to compare the leading anisotropy amplitude N of a lens or dumb-
bell with that of the smallest circumscribing ellipse (CE). For the lens with α = 2pi −
α′, 0 ≤ α′ ≤ pi, the CE has diameters D⊥ = D, D‖ = D tg(α′/4), and its ampli-
tude NCE = −(pi/8)D2cos(α′/2)/cos2(α′/4) has a larger modulus than the amplitude
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Nlens = −(pi/8)D2(pi−α′/3)(pi−α′)/(pi−α′/2)2 of the lens in Eq. (3.9), see Fig. 1. For the
dumbbell with 0 ≤ α ≤ pi, the CE has diameters D⊥ =
√
2Lcos(α/4), D‖ = 2Lcos
2(α/4),
and its amplitude NCE = (pi/4)L2cos2(α/4)cos(α/2) is smaller than the amplitude Ndumb =
(pi/6)L2sin2(α/2)[(pi/α)2 − 1] of the dumbbell in Eq. (3.9), see Fig. 2. To the self-avoiding
polymers the lens and dumbbell thus appear less and more anisotropic, respectively, than
their circumscribing ellipses. This is expected intuitively, and in line with similar findings5,7
for ideal polymers in d = 3.
B. Dumbbell of two touching spheres in d = 4− ε
Consider the dumbbell of two touching spheres, each of diameter L. The particle am-
plitudes follow from profiles in the parallel plate (film) geometry by an inversion about a
midpoint of the film9. Using the results of Refs. 22, 23, and 24 for the energy density
and stress tensor profiles in a film and the stress-tensor two-point function in the bulk, in
d = 4− ε spatial dimensions, we find25
I = (L/2)x² 4(2d−3 − 1)ζ(d− 2) {1 + εκ[lnpi − (1/4)] + O(ε2)} , (3.12)
I ′ = 2(x² + 1)/d
2(x² + 1)− d N
′ , (3.13)
N ′ = (L/2)x² L2 1
8x²(x² + 1)
1
2
(d− 2)(d− 1)(2d − 1)ζ(d)
×{1 + εκ[lnpi + (1/3)] + O(ε2)} , (3.14)
and
N = (L/2)d 4(pi/4)d/2(d− 1)[ζ(d)/Γ(d/2)] {1− 5εκ/4 + O(ε2)} , (3.15)
where
κ = (N + 2)/(N + 8) , (3.16)
and ζ is the Riemann zeta function. For N = 0 the right hand sides of Eqs. (3.12)-(3.15)
determine the behavior of self-avoiding chains, while for N = −2, where x² = d− 2, κ = 0,
and the curly brackets equal 1, they reduce to expressions9 of the Gaussian model which
apply to ideal, random walk chains. Eq. (3.13) is consistent with the dumbbell expressions
(3.8)-(3.11) in d = 2 for α = 0, x² arbitrary, and the Gaussian expressions contained in (3.15)
and (3.14) with their two-dimensional counterparts (3.9) and (3.10), (3.11) with x² = 0.
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C. Weakly anisotropic particles
Here we generalize previous results5 for the amplitudes I, I ′, N , N ′ of weakly anisotropic
particles interacting with ideal chains to the case of self-avoiding chains in a good solvent.
As in Ref. 5 we consider particles with a surface S ′ that is obtained by shifting each surface
point rS of the sphere S with radius R by a small amount η(θS) toward the center of S
at the origin. Here θS is the angle between rS and the symmetry axis of the particle, and
we consider particles with a center of reflection, so that η(θS) = η(pi − θS). The shift can
be generated by means of the stress tensor using correlation functions that are given in
Appendix B. This yields
I = (2R)x² [1− x²J ] , (3.17)
I ′ = 1/8
2(x² + 1)− d(2R)
x²+2[1− (x² + 2)J ] , (3.18)
N ′ = −(2R)x²+2 (d+ 1)Γ((d+ 2)/2)
8
√
pi(x² + 1)Γ((d+ 1)/2)
I , (3.19)
and
N = −Rd βsurf
βbulk
pi(d−1)/2
Γ((d+ 1)/2)
I , (3.20)
where
J =
Γ(d/2)√
piΓ((d− 1)/2)
∫ pi
0
dθS (sinθS)
d−2 η(θS)/R , (3.21)
I =
∫ pi
0
dθS (sinθS)
d−2 [d(cosθS)
2 − 1] η(θS)/R . (3.22)
Here βsurf/βbulk is the amplitude ratio of the stress-tensor two-point functions with both
points in the planar surface of the half space and in the bulk, respectively. See the discussion
pertaining to Eq. (B4). For d = 4− ε,
βsurf
βbulk
= 2
[
1− 5
6
κε+O(ε2)
]
(3.23)
depends on N , see Ref. 24, while in d = 2,
βsurf
βbulk
= 2 , (3.24)
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independent of N . The integral I in (3.22) is positive (negative) for oblate (prolate) shapes.
Eqs. (3.17)-(3.24) may be used, in particular, for ellipsoids, lenses, and dumbbells.
Weakly anisotropic prolate and oblate ellipsoids with D‖ > D⊥ and D‖ < D⊥, respectively,
are described5 by R = D‖/2 and
η =
D‖ −D⊥
2
sin2θS , (3.25)
to first order in D‖−D⊥, and a dumbbell and lens with δ ≡ α−pi < 0 and > 0, respectively,
by R = L/2 and
η = δ (L/4) |cosθS| , (3.26)
to first order in δ. Substituting in Eqs. (3.17)-(3.24) yields
I =
{
Dx²‖
[
1 + gˆx²
d− 1
d
]
, Lx²
[
1− δ x² ω
]}
, (3.27)
I ′ = 1/8
2(x² + 1)− d
{
Dx²+2‖
[
1 + gˆ(x² + 2)
d− 1
d
]
, Lx²+2
[
1− δ (x² + 2)ω
]}
, (3.28)
N ′ = −1
x² + 1
{
Dx²+2‖ gˆ
d+ 1
4(d+ 2)
, Lx²+2δ
ωd
8
}
, (3.29)
N = − βsurf
βbulk
{
Dd‖ gˆ
(pi/4)d/2
Γ((d+ 4)/2)
,
(
L
2
)d
δ
pi(d−1)/2
2Γ((d+ 3)/2)
}
, (3.30)
for the ellipsoid and lens/dumbbell, where
gˆ = (D⊥ −D‖)/D‖ , ω = Γ(d/2)
2
√
piΓ((d+ 1)/2)
. (3.31)
For the weakly anisotropic ellipse, lens, and dumbbell in d = 2, Eqs. (3.27)-(3.30) are
consistent with (3.5)-(3.11). For the weakly anisotropic ellipsoid in arbitrary d with mean
diameter C = [D‖ + (d − 1)D⊥]/d, Eqs. (3.27) and (3.28) are equivalent to I = Cx² and
I ′ = Cx²+2/{8[2(x² + 1) − d]}, apart from corrections of order gˆ2. For N = −2 where
κ = 0, βsurf/βbulk = 2, x² = d − 2 the above expressions reduce to the ideal chain results
given in Sec. 5 of Ref. 5.
Note the N dependence of the leading anisotropy amplitude N given by Eqs. (3.6), (3.9),
(3.15), (3.20), and (3.30). While N is independent of N for d = 2 and d = 4, N depends on
N for 2 < d < 4, and has a smaller magnitude for self-avoiding chains with N = 0, κ = 1/4
than for ideal, random-walk, chains with N = −2, κ = 0.
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IV. EFFECTIVE INTERACTION BETWEEN A PARTICLE AND A WALL
The free energy cost of immersing a particle in the polymer solution in the half space
bounded by a planar wall follows from Eq. (2.7) on identifying the Hamiltonian H in the
absence of the particle with the Hamiltonian Hhs of the field theory in the half space and
on substituting the Boltzmann weight (2.1) of the particle. For the leading isotropic and
anisotropic contributions of the polymer-induced particle-wall interaction this yields
δFiso(ζ) = p0(I/2x²)AR1/νx (Mhs − 1) (4.1)
and
δFaniso(ϑ , ζ) =
p0N
d− 1(cosϑ)
2
{
d(1− Ehs) + (γ/ν)(Mhs − Ehs)− ζ d
dζ
Mhs
}
, (4.2)
as shown at the end of Sec. II and in Appendix C, respectively. Here δFiso(ζ) = Fiso(ζ) −
Fiso(∞) is the free energy change on moving the particle center from the bulk to a finite
distance z from the wall, with
ζ = z/Rx , (4.3)
and δFaniso(ϑ, ζ) = Faniso(ϑ, ζ)− Faniso(pi/2, ζ) on turning the particle axis, at fixed z, from
an orientation parallel to the wall to an orientation that encloses an angle ϑ with the surface
normal of the wall. Ehs = Ehs(ζ) andMhs =Mhs(ζ) are the bulk-normalized density profiles
of the chain ends and of all the chain-monomers, respectively, in the dilute polymer solution
in the half space without a particle. In terms of the field theory,
Ehs(ζ2) = Ξhs/Ξbulk , (4.4)
where
Ξhs =
∫
dr1L〈ϕ12〉hs , Ξbulk =
∫
dr1L〈ϕ12〉bulk , (4.5)
andMhs is given by Eq. (2.9). The exponents and amplitudes in (4.1), (4.2), and in (4.6)
below are those of the N → 0 vector model. The exponent γ also appears in the power-law
dependence Mγ−1 of the partition function Ξbulk/N of a polymer chain in the bulk with one
end fixed.
The corresponding anisotropic contribution
δF
(next)
aniso (ϑ , ζ) = p0(N ′/2x²)A(cosϑ)2R(1/ν)−2x d2Mhs/dζ2 (4.6)
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from N ′ is a next-to-leading correction, since for self-avoiding chains and a small particle,
N ′ is much smaller than N , as explained in the Introduction. Eqs. (4.1), (4.2), and (4.6)
apply to particle sizes much smaller than z and Rx.
It is interesting to compare the expressions in Eqs. (4.1), (4.2), (4.6) for self-avoiding
chains with the ideal-chain expressions5,26, in which the two anisotropic contributions from
N ′ and N in (4.2) and (4.6) are of the same order (size)d. In the latter case
Ehs → 1− f0(y/2) ,
Mhs → 1 + 4[f2(y)− 2f2(y/2)] ,
d2Mhs/dζ2 → 8[f0(y)− (1/2)f0(y/2)] , (4.7)
independent of d, the curly bracket in Eq. (4.2) becomes
{ } → 2f0(y) + (d− 2)f0(y/2) , (4.8)
and the sphere10 amplitude A → Aideal = 2pid/2/Γ((d/2) − 1). In Eqs. (4.7) and (4.8),
fn(y) = i
nerfc(y) is the n-fold iterated complementary error function of y = z/
√
Lpol =
√
2ζ.
For ideal chains in d = 3 the sum of the right hand sides of (4.2) and (4.6) reduces13 to the
expression given on the right hand side of Eq. (6.1) of Ref. 5.
First consider the region ζ ¿ 1 of small particle-wall distances, where the form
δFaniso = p0(cosϑ)
2
{
N d
d− 1
}
(4.9)
of the leading anisotropic interaction for self-avoiding chains implies that the particle aligns
parallel to the wall. The reason is thatN is positive (negative) for particles that are stretched
out parallel (perpendicular) to the particle axis, see Sec. III, so that δFaniso is minimized for
ϑ = pi/2 (ϑ = 0).
Eq. (4.9) should be compared with the interaction
δFaniso, ideal = p0(cosϑ)
2
{
N d
d− 1 + (N
′/2x²)4A
}
ideal
(4.10)
for ideal chains, corresponding to the sum of (4.2) and (4.6). In the last paragraph of Sec.
IIIC we argued27 that 0 < N /Nideal < 1 for the dumbbell/lens and ellipsoid families in
2 < d < 4. Since both terms in {}ideal have the same sign5, the ratio {}/{}ideal of the curly
brackets in (4.9) and (4.10) is also between 0 and 1, and the tendency of the particle to
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align parallel to the wall is reduced by chain self-avoidance. Note that the chain size Rx does
not28 appear in Eqs. (4.9) and (4.10).
Second we discuss whether the orientation parallel to the wall remains favorable for
larger particle-wall scaled distances ζ of order 1 or much larger than 1. For ideal chains
this is not the case5,7. For large ζ, the anisotropic interaction δFaniso, ideal(ϑ, ζ) equals the
product of
√
2/piζ−1exp(−ζ2/2), which is the large ζ behavior of f0(y/2), and the factor
p0(cosϑ)
2Nideal[(d− 2)/(d− 1)]k, where
k = 1− (N ′/N )ideal24−dpid/2(d− 1)/Γ(d/2) . (4.11)
For large ζ and d > 2, δFaniso, ideal is minimized if the particle aligns perpendicular to the
wall, since k is negative for all the particle shapes considered. For example, k equals 2− 2d
for a dumbbell of two touching spheres, and equals 1 − [d(d + 1)/2] for weakly anisotropic
particles of the general shape considered in Sec. IIIC.
The situation is different for self-avoiding chains in d < 4, for which the N contribution
(4.2) dominates the anisotropic behavior of a small particle, and the N ′ contribution (4.6)
is negligible. For d = 4− ε with small positive ε, the value of the curly bracket in (4.2) must
be close to its d = 4 expression, i.e. to the ideal-chain expression 2[f0(y) + f0(y/2)] of (4.8),
which is positive for all values of y. This suggests29 that the favorable particle orientation
is parallel to the wall for all ζ.
V. SUMMARY AND CONCLUDING REMARKS
In this paper we consider the orientation-dependent effective interaction between non-
spherical colloidal particles immersed in a solution of nonadsorbing polymers. With methods
of field theory we study how the interaction is affected by the repulsion between chain
monomers (chain self-avoidance) in a good solvent. It is interesting to compare different
particle shapes, and we consider ellipsoids, dumbbells, and lenses.
For small particle size we represent the particle by isotropic and anisotropic operators
with weights or amplitudes that depend on the particle size and shape and have different
values for the universality classes of ideal (random walk) and self-avoiding polymer chains.
Nonadsorbing polymers correspond to the surface-universality-class of the ‘ordinary transi-
tion’.
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Here is a summary of the main results:
1. For self-avoiding polymers in two dimensions the operator weights are evaluated exactly
for particles with the shapes of an ellipse of arbitrary aspect ratio and for a dumbbell and a
lens of arbitrary angle of intersection of the two circular surfaces. The results are given in
Eqs. (3.5)-(3.11). In Figs. 1 and 2 the leading anisotropic weight N of a lens or dumbbell is
compared with that of the smallest circumscribing ellipse. As expected the polymers sense
the lens or dumbbell as less or more anisotropic than the ellipse. In Appendix A we confirm
the operator form of the expansion by checking that the one- and two-point functions around
the particle are described by the same weights. Unlike the operator-algebra in the bulk, the
leading anisotropic amplitudeN of the stress tensor does not depend on the bulk universality
class, i.e. N is ‘hyper-universal’ and independent of the number N of components of the
order parameter in the N -vector model. As expected from the structure of the operator
algebra in the bulk, in the small particle expansion in d = 2 there is another anisotropic
operator besides ∂2‖ψ, of scaling dimension x² + 2, which is given in Eq. (3.1). The ratio
N ′/N ′′ of the weights of the two operators is the same for the ellipse, dumbbell, and lens
and is independent of their aspect ratios.
2. In more than two spatial dimensions we consider a dumbbell of two touching spheres
and weakly anisotropic particles (weakly deformed spheres). Unlike the situation in d = 2,
in 2 < d < 4 the leading anisotropic particle-weight N depends on N . For a given particle
size and shape in 2 < d < 4, both the isotropic and anisotropic perturbation strengths IA
and N of the polymer system are weaker for self-avoiding than for ideal chains. In the case
of IA this is due to a larger size exponent d − 1/ν > d − 2. In the case of N the size
exponent, which equals d, is the same but the amplitude is weaker, see Eqs. (3.15), (3.20),
(3.30) and the last paragraph in Sec. III. The weights for weakly anisotropic particles are
fully determined by the scaling dimension x² of the energy density and the ratio βsurf/βbulk of
the amplitudes of the stress-tensor two-point function in the bulk and at the planar surface
of the half space, as shown in Appendix B.
3. Using the small-particle expansion, we express the polymer-induced orientation-
dependent interaction between a particle and a wall in terms of polymer density profiles
in the half space bounded by the wall and without particle. For the leading orientation de-
pendence this follows from the continuity and trace equations of the stress tensor, as shown
in Appendix C. Apart from reducing the orientation-dependent interaction at particle-wall
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distances z much smaller than the chain size, see Eqs. (4.9), (4.10), chain self-avoidance
also affects the qualitative form of its z-dependence. Unlike ideal chains, which induce a
change in particle-orientation from parallel to perpendicular to the wall on increasing z,
self-avoiding chains induce a parallel orientation for all distances, as we argue in the last
two paragraphs of Sec. IV.
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APPENDIX A: ELLIPSES, LENSES, AND DUMBBELLS
IN TWO DIMENSIONS
Here we discuss density profiles and two-point functions in two-dimensional conformal
field theories with a single embedded ellipse, lens, or dumbbell and show that they imply
the small particle amplitudes given in Section IIIA.
For later reference we note the relations
∆ = 4∂w∂w¯ = 4L−1L¯−1 , (A1)
∂2‖ − 12∆ = ρ2+L2−1 + ρ2−L¯2−1 , (A2)
T‖ ‖ = −(ρ2+T + ρ2−T¯ )/(2pi) , (A3)
with the complex notation introduced below Eq. (3.4).
It is remarkable that the contributions ∝ L2−1ψ, L¯2−1ψ cancel in the anisotropic Boltzmann
weight reduction
N ′[∂2‖ − 12∆]ψ +N ′′ψ˜ = −N ′′[ρ2+L−2 + ρ2−L¯−2]ψ (A4)
of order (size)x²+2 in Eqs. (2.3) and (3.2). This follows from (A2) and the forms (3.11) and
(3.1), (3.4) of N ′/N ′′ and ψ˜.
In the following we assume that the particle is located at the origin with its axis aligned
along the y-direction of the x, y plane, i.e. ρ2+ = ρ
2
− = −1.
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1. Density profiles
First consider density profiles of primary operators O, such as the energy density O = ²,
that are induced by a single particle. For an ellipse (ell)
〈O(w, w¯)〉ell/B1/2O = AO(2C)xO
{ |1 + (w/S)|
|w + S|2 − C2
}xO
, (A5)
with
S =
√
w2 − C2g , (A6)
and for a dumbbell or lens (dbl)
〈O(w, w¯)〉dbl/B1/2O = AO
(Dpi
α
)xO {
|w2 − (D/2)2|
×Re
[(
(w + (D/2))(w¯ − (D/2))
(w¯ + (D/2))(w − (D/2))
)pi/(2α)]}−xO
, (A7)
where ‘Re’ denotes the real part.
Next consider the stress tensor profiles. Using the complex notation19 introduced below
Eq. (3.4), one finds
〈T (w)〉ell = c
8
C2g
S4 (A8)
and
〈T (w)〉dbl = c
24
[
1−
(
pi
α
)2] D2
[w2 − (D/2)2]2 , (A9)
where c is the central charge of the two-dimensional theory.
Conformal transformations of the two-point function 〈T O〉 from the half plane to the
exterior of the particle allow one to evaluate the profile of the operator L−2O around the
particle. For the particle families {ell , dbl} this leads to
〈ΛO(w, w¯)〉part = 〈O(w, w¯)〉part λ
{C2g
8S4 ,
D2
[w2 − (D/2)2]
[
1−
(
pi
α
)2]/
24
}
, (A10)
with ΛO from (3.4), and
λ ≡ c+ xO
(
4− 9
xO + 1
)
. (A11)
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One may check that the above ellipse- and dumbbell/lens-profiles coincide for the circle
and the needle, compare the paragraph below Eq. (3.11).
The results (3.5)-(3.11) for the small particle amplitudes follow from comparing the pro-
files (A5)-(A10) for particle size much smaller than |w| with the form predicted by the
expansion (2.1)-(2.3). For example, the result (3.5) for the ellipse-amplitude I follows from
comparing the leading behavior A²Cx² |w|−2x² of (A5) for O = ² and C ¿ |w| with the pre-
diction IA²〈²(0, 0)²(w, w¯)〉bulk/B² = IA²|w|−2x² from (2.1) and (2.2) and taking the relation
(2.4) between ² and ψ into account. Due to the form
〈(ΛO(w, w¯)) (ΛO(wP, w¯P))〉bulk/BO = 1|w − wP|2xO
1
(w − wP)4λ/2 (A12)
of the bulk two-point function of ΛO and the vanishing mixed function 〈(ΛO) (Λ¯O)〉bulk,
the coefficient λ drops out of the particle amplitude N ′′. Similarly c drops out of N .
In the next subsection we check the operator character of the expansion by showing that
the same amplitudes (3.5)-(3.11) appear also in the small-particle expansion of the two-point
function 〈²²〉part.
2. Energy-density two-point function in the N-vector model
In the following we use the notation
O(wj, w¯j) = O(j) ; j = 1, 2 (A13)
and we omit the spatial arguments of operators that are located at the particle site at the
origin. The form
〈O(1)O(2)〉part/[〈O(1)〉part〈O(2)〉part] = F(q)/[AO2xO ]2 (A14)
of the ratio of the two-point function and the profiles of a primary operator O applies not
only to the half space problem z ≡ ry > 0, where the ‘particle’ fills the complementary
half space z < 0, but also to our particles with ellipse- and dumbbell/lens-shapes. For a
given bulk universality class, operator O, and ‘ordinary’ boundary conditions on the particle
surfaces11,12, the three cases are described by the same amplitude AO and the same function
F(q), but the arguments q are different. For the half space
q =
r212
4z1z2
= − |w12|
2
(w1 − w¯1)(w2 − w¯2) , (A15)
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for the ellipse
q = C2 |w1 + S1 − w2 − S2|
2
(|w1 + S1|2 − C2)(|w2 + S2|2 − C2) , (A16)
and for the dumbbell/lens particles
q = |G|2/(c1c2) , (A17)
with
G = (θ+,1θ−,2)
pi/α − (θ−,1θ+,2)pi/α , (A18)
ci = 2Re (θ+,iθ¯−,i)
pi/α , (A19)
where
θ+,i = 1 + [D/(2wi)] , θ−,i = 1− [D/(2wi)] , (A20)
θ¯+,i = 1 + [D/(2w¯i)] , θ¯−,i = 1− [D/(2w¯i)] , (A21)
and i = 1, 2.
For the energy densityO = ² in the N -vector model, the function F(q) has been evaluated
in Ref. 21. For q not too large it has the form
F =
3∑
i=1
Bih
<
i (q(1 + q)) (A22)
where
h<1 (ξ) = ξ
−2∆F (−2∆,−3∆/2, (1−∆)/2;−3∆, 1−∆;−4ξ) ,
h<2 (ξ) = ξ
−∆F (−∆,−∆/2, (1 + ∆)/2;−2∆, 1 + ∆;−4ξ) . (A23)
Here F = 3F2 is a hypergeometric function, ∆ = x²/2, and
B1 = 1 , B2 = 2
x²A²C²²²/B3/2² , (A24)
where C²²² is the amplitude of the bulk three-point function 〈²(1)²(2)²(3)〉bulk =
C²²²(r12r23r31)
−x² . Eqs. (A24) follow21 from comparing the above expressions for 〈²(1)²(2)〉hs
with the expansion of the operator product ²(r− (s/2))²(r + (s/2)) for short distance s, as
given in Subsection A3 below.
Calculating the contributions of orders (size)x² , (size)2, and (size)x²+2 in the small particle
expansion of 〈²²〉part, one can disregard the term with i = 3 in (A22), which has the small
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q behavior ∝ q1+(x²/2). For the ellipse and dumbbell/lens families these contributions follow
from (A14), (A22) using the profiles (A5) and (A7), respectively, as well as the expansions
in the particle size,
q → C
2
4
|w12|2
|w1|2|w2|2
{
1 +
C2
4
[K + gJ ] +O(C4)
}
(A25)
and
q →
(
piD
2α
)2 |w12|2
|w1|2|w2|2
{
1 +
D2
4
[(
pi
α
)2
K + 1
3
(
1−
(
pi
α
)2)
J
]
+O(D4)
}
, (A26)
of (A16) and (A17). Here
K = 1|w1|2 +
1
|w2|2 (A27)
and
J = 1
w21
+
1
w22
+
1
w1w2
+ cc (A28)
are isotropic and anisotropic expressions with ‘cc’ denoting complex conjugate.
The i = 1 term in (A22) leads to
〈²(1)²(2)〉(i=1)part /B² = |w12|−2x² −N〈T‖ ‖ ²(1)²(2)〉bulk/B² +O((size)4) , (A29)
which contains the contributions of order (size)0 and (size)2. Here we have used the expansion
h<1 (q(1 + q)) = q
−x²(1 +O(q2)) (A30)
and the form
〈T‖‖ ²(1)²(2)〉bulk/B² = x²
4pi
|w12|−2x²
[(
1
w1
− 1
w2
)2
+ cc
]
(A31)
of the bulk three-point function of T‖ ‖, defined below (2.3), and two energy densities. The
same values (3.6), (3.9) of the amplitude N describe the small-particle behavior of both the
profiles (A8), (A9) and the two-point functions (A29). This is consistent with the operator
expansion (2.1)-(2.3).
Finally the i = 2 term in (A22) leads to
〈²(1)²(2)〉(i=2)part /B² = {I〈² ²(1)²(2)〉bulk + I ′〈∆² ²(1)²(2)〉bulk
+N ′′〈[(L−2 + L¯−2)²] ²(1)²(2)〉bulk}A²/B3/2² +O((size)x²+3) , (A32)
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which contains the contributions of order (size)x² and (size)x²+2. Here I, I ′, N ′′ are the
amplitudes in (3.5)-(3.11), 〈²²²〉bulk is given below Eq. (A24),
〈[(L−2 + L¯−2)²] ²(1)²(2)〉bulk/〈² ²(1)²(2)〉bulk = x²
2
[
2
(
1
w21
+
1
w22
)
− 1
w1w2
+ cc
]
, (A33)
〈∆² ²(1)²(2)〉bulk/〈² ²(1)²(2)〉bulk = x2²
∣∣∣∣ 1w1 +
1
w2
∣∣∣∣
2
, (A34)
and we have used
h<2 (q(1 + q)) = q
−x²/2(1− x²q/4 +O(q2)) . (A35)
It follows from Eqs. (2.2), (2.4), and (A4) that (A32) is consistent with the small-particle
operator-expansion.
3. Particle and operator-product expansions
Here we compare the small-particle expansion on the right hand side of (2.1) with the
expansion of the normalized product s2xOO(r− (s/2))O(r+(s/2))/BO of two equal primary
scalar operators O, such as ², which are separated by the ‘small distance’ vector s. First,
1−N ∑kl ρkρlTkl with N in (3.6) and (3.9) should be compared with the contributions9,19
1 − 2pi(xO/c)
∑
kl
skslTkl (A36)
from the unit operator and the stress tensor to the normalized product. Second, the sum
of (I + 4I ′L−1L¯−1)ψ and the right hand side of (A4), when multiplied by −1, should be
compared with the contributions to the normalized product from the operator ² and its
descendants, which are given by19
[COO²/(BOB
1/2
² )]s
x²
{
D0,x²(s, ∂r) + f [s2+Λ + s2−Λ¯]
}
²(r)/B1/2² . (A37)
Here s = (sx, sy), s± = sx ± isy,
D0,x²(s, ∂r)²(r) =
{
1 +
1
8(x² + 1)
(s2+L
2
−1 + s
2
−L¯
2
−1)
}
²(w, w¯) (A38)
is the same expression as in Eqs. (2.39) and (A1) of Ref. 9, and19
f =
x²(x² − 2)/4 + xO(x² + 1)
c(x² + 1) + x²(4x² − 5) . (A39)
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There are similarities between the two expansions, with ~ρ times the particle size corre-
sponding to s. The operator product and the particle both have the axial and reflection
symmetries and essentially the same operators appear in the two cases. But there are also
differences. In the case of the operator product, the amplitude of Tkl in (A36) depends on
the bulk universality class, while in the particle case the corresponding amplitude N in (3.6)
and (3.9) is ‘hyper-universal’ (but does depend on the shape of the particle). As for ² and its
descendants, the anisotropic operators (L2−1, L¯
2
−1)² are absent in the particle case, see (A4),
and the isotropic operator L−1L¯−1² is absent in the case (A37) of the operator product.
APPENDIX B: SMALL DEFORMATIONS OF A SPHERE
In field theory, small deformations of a boundary can be generated by means of the stress
tensor7,18. For the weakly deformed sphere S ′ introduced in Sec. IIIC, the induced profile
〈O(r)〉S′ of a scalar operator O such as the energy density ², right at the critical point, is
given by
〈O(r)〉S′/〈O(r)〉S = 1 − xO
(
r2 −R2
R
)d
1
Ωd
∫
dS
η(rS/R)
|r− rS|2d + O(η
2) . (B1)
Here Ωd = 2pi
d/2/Γ(d/2) is the surface area of the unit sphere,
∫
dS an integral over the
surface area of the sphere S with radius R and center at the origin, and the unit vector
rS/R specifies points rS on the surface of S. Eq. (B1) applies to an arbitrary radial surface
shift η(rS/R) and, in particular, to the shift η(rS/R) → η(θS) with rotation and reflection
symmetry, as in Sec. IIIC. The first order in η contribution on the right hand side of (B1) is
the explicit form of
∫
dSη〈Tnn(rS)O(r)〉S/〈O(r)〉S, where Tnn is the diagonal component of
the stress tensor normal to the surface of S. The form of 〈TnnO〉S/〈O〉S follows by a special
conformal transformation from18 the corresponding expression −xO(2d/Ωd){z/[|rp − r′p|2 +
z2]}d for 〈Tnn(r′p, 0)O(rp, z)〉hs/〈O(rp, z)〉hs in the half space.
The stress tensor profile is given by
〈Tkl(r)〉S′ = βsurf
∫
dS
η(rS/R)
|r− rS|2d{δkl − dvkvl} + O(η
2) (B2)
with unit vectors
v = rS/R − 2~%(~%, rS/R) (B3)
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that are composed of the two unit vectors rS/R and ~% = (r−rS)/|r−rS|. This profile vanishes
for a sphere and, therefore, for η = 0 where S ′ = S. The first order in η contribution on the
right hand side of (B2) is the explicit form of
∫
dSη〈Tnn(rS)Tkl(r)〉S. Here 〈TnnTkl〉S follows
by a conformal transformation from the half space function24
〈Tnn(0)Tkl(rp, z)〉hs = βsurf r−2d {δkl − dukul} , (B4)
with the origin 0 a surface point and with unit vectors
uk = δkn − 2rkz/r2 , (B5)
where n is now the direction perpendicular to the planar surface of the half space, so that
rn = z.
In the bulk the stress tensor two-point function 〈Tnn(0)Tkl(r)〉bulk, with n an arbitrary
Cartesian direction, also has the form of the right hand side of (B4), except that βsurf is
replaced by the bulk amplitude βbulk.
Expanding the profiles 〈²〉S′ and 〈Tkl〉S′ in (B1) and (B2) for R¿ r and comparing with
the predictions of the small particle expansion (2.1)-(2.3) leads to Eqs. (3.17)-(3.22). Here
one uses the relations
1
Ωd
∫
dSη(θS) = R
d J , (B6)
∫
dSη(θS)cos(r, rS) = 0, and
1
Ωd
∫
dS [dcos2(r, rS) − 1] η(θS) = Rd Ωd−1
Ωd
d(r2‖/r
2)− 1
d− 1 I , (B7)
where r‖ is the component of r parallel to the particle axis. The η integrals J and I are
from (3.21) and (3.22).
APPENDIX C: ENERGY DENSITY, STRESS TENSOR, AND
PARTICLE-WALL INTERACTION
First we note general properties of the monomer density operator Ψ, which is related to
² by7,10,16,17
−²(r) → (Lpol/R1/νx )Ψ(r) (C1)
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as N → 0. The ‘normalization’ property
L
∫
dr〈Ψ(r) · ...〉 = R1/νx L〈...〉 (C2)
follows from the relation
∫
dr〈²(r) · ...〉 = (d/dt)〈...〉 for the cumulant average, see (2.6), and
from partial integration with respect to t inside the Laplace transformation L in (2.5). Here
the dots denote other operators such as ϕ12/N . The bulk normalizationMhs(∞) = 1 in Eq.
(2.9) is consistent with (C2). The local relation
L〈T (r) · ...〉 → (d/dR1/νx )L〈Ψ(r) · ...〉 (C3)
for N → 0 follows from replacing the left hand side by −(d/dLpol)L〈²(r) · ...〉, see (2.6) and
(2.5), and using that Lpol/R1/νx in (C1) is independent of Lpol.
The (naive) inverse length dimension of Ψ(r) equals its scaling dimension x², and the
critical bulk correlation function 〈Ψ(r)Ψ(0)〉bulk/N for N → 0 equals the product of r−2x²
and the universal amplitude
$2 = (R1/νx /Lpol)2 (B²/N)N=0 . (C4)
This resembles the universal amplitude (ξ1/νt)2B², where ξ is the correlation length, which
appears in the critical bulk autocorrelation function of the operator ξ1/νT (r), where T is
the thermal perturbation density (2.6). By comparing (C1) and (C4) with (2.4) and (2.8),
one obtains the expression
A = (2x²A²N−1/2)N=0/$ (C5)
for the universal polymer amplitude A defined for a sphere in (2.10). In the simple case of
ideal polymers and the Gaussian model, A²N−1/2 = 2(3/2)−d and B²/N are independent of
N , $ =
√
2S˜d with S˜d = Γ((d − 2)/2)/(4pid/2), and A = Aideal = 1/(2S˜d) is the expression
given below Eq. (4.8).
Now we consider the leading anisotropic particle-wall interaction, which by Eqs. (2.1),
(2.3), and (2.7) is given by
δFaniso =
p0N
d− 1 (cosϑ)
2 L[dτnn −
∑d
l=1 τll]
Ξbulk
, (C6)
where
τkl =
∫
dr1dr2〈Tkl(r)ϕ12〉hs (C7)
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and Ξbulk is given in Eq. (4.5). To derive (C6), we used the results that τnp vanishes for
tensor indices n and p perpendicular and parallel to the wall, respectively, and that τnn−τpp
equals [dτnn −∑l τll]/(d − 1), since the d − 1 diagonal components τpp parallel to the wall
are all equal.
The trace
∑
l τll and the diagonal component τnn perpendicular to the wall follow, respec-
tively, from the trace equation in the scaling limit,
−
d∑
l=1
〈Tll(r)ϕ12〉hs = xΦ[δ(r− r1) + δ(r− r2)] 〈ϕ12〉hs + (1/ν)〈T (r)ϕ12〉hs (C8)
with xΦ the scaling dimension of the order parameter, and the continuity equation,
−∑
l
∂rl〈Tkl(r)ϕ12〉hs = [δ(r− r1)∂r1k + δ(r− r2)∂r2k ]〈ϕ12〉hs , (C9)
of the stress tensor30. Integrating these equations with respect to r1 and r2 and applying
the inverse Laplace transform L, one can express the second fraction on the right hand side
of (C6) in terms of the half space profilesMhs and Ehs.
From (C3) and (2.9) the contribution from the last term in the trace equation (C8) is
1
νΞbulk
∫
dr1dr2L〈T (r)ϕ12〉hs → 1
νΞbulk
d
dR1/νx
(MhsR1/νx Ξbulk)
→ −ζdMhs/dζ + (γ/ν)Mhs , (C10)
where the last term comes from differentiating R1/νx Ξbulk = const× (R1/νx )γ.
With Ξhs and Ξbulk from (4.5), the expression
Lτnn = Ξbulk − 2Ξhs (C11)
follows from the continuity equation (C9), yielding ∂zLτnn = −2∂zΞhs, and from the bulk
value −Ξbulk of Lτnn. The latter can be inferred from the trace equation (C8), since Lτnn
equals L∑l τll/d in the bulk. Here one uses Eq. (C10) for ζ →∞ and the exponent relation
2xΦ = d − (γ/ν). An alternative derivation of (C11) follows from integrating the shift
relation ∫
drp 〈Tnn(rp, z)ϕ12〉hs = [θ(z1 − z)∂z1 + θ(z2 − z)∂z2 ] 〈ϕ12〉hs (C12)
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Substituting (C8)-(C11) into (C6) and using Eq. (4.4) leads to expression (4.2) for δFaniso.
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FIGURE CAPTIONS
FIG. 1: Small particle amplitude N which determines the anisotropic interaction of a lens
and its circumscribed ellipse CE with self-avoiding polymers in d = 2 spatial dimensions.
The two particle shapes coincide for α′ = 0 and α′ = pi, where they reduce to a needle and
a circle, respectively.
FIG. 2: N for a dumbbell and the circumscribing ellipse. For α = 0 the dumbbell consists
of two touching circles.
28
–1.0
–0.8
–0.6
–0.4
–0.2
0
0 1 2 3
D
lensα
′
α
′
CE
Nlens
/
(pi
8
D2)
NCE
/
(pi
8
D2)
1
FIG. 1
29
0.0
0.2
0.4
0.6
0.8
1.0
1.2
0 1 2 3
α
L
α
dumbbell
CE
Ndumb
/
L
2
NCE
/
L
2
1
FIG. 2
30
